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Outline

Least squares regression: a simple example



A simple example: predicting electricity use

What will peak power consumption be in Pittsburgh tomorrow?
Difficult to build an “a priori” model from first principles to answer this question

But, relatively easy to record past days of consumption, plus additional features
that affect consumption (i.e., weather)

High Temperature (F) | Peak Demand (GW)

2011-06-01  84.0 2.651
2011-06-02 73.0 2.081
2011-06-03 75.2 1.844

2011-06-04 84.9 1.959



Plot of consumption vs. temperature

Plot of high temperature vs. peak demand for summer months (June — August) for
past six years
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Hypothesis: linear model

Let’'s suppose that the peak demand approximately fits a linear model
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Hypothesis: linear model

Let’s suppose that the peak demand a&proximately fits a linear model
"M X 4+ b

Peak_Demand =~ 6, - High_Temperature + 6,

Here 6, is the “slope” of the line, and 8, = is the intercept



Making predictions

Importantly, our model also lets us make predictions about new days

What will the peak demand be tomorrow?
If we know the high temperature will be 72 degrees (ignoring for now that this is

also a prediction), then we can predict peak demand to be:
Predicted_Peak Demand =604 - 72 + 6, = 1.821 GW

Equivalent to just “finding the point on the line”
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Predicted output for each data point

Peak_Demand®
Predicted_Peak Demand® = @, - High_Temperature(i) + 0,
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Hypothesis: linear model

Peak_Demand®
Predicted_Peak Demand® = @, - High_Temperature(i) + 0,

sy
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Hypothesis: linear model

Let’s suppose that the peak demand approximately fits a linear model

Predicted_Peak_Demand = 6; - High_Temperature + 6,

Here 6, is the “slope” of the line, and 6, is the intercept
How do we find a “good” fit to the data?

Many possibilities, but natural objective is to minimize some difference between this line
and the observed data, e.g. squared loss

E(é, S 97S E(0) = z (Predicted_Peak_Demand® — Peak_Demand(i))2
Aot i€days ~ @
E(0) = z (6, - High_Temperature¥ + 6, — Peak_Demand”)

[edays 13
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How do we find parameters?

How do we find the parameters 64, 8, that minimize the function

E(8) = E(0,,6;) = z (6, - High_Temperature® + 6, — Peak_Demand(i))2
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How do we find parameters?

How do we find the parameters 64, 8, that minimize the function

E(8) = E(0,,6;) = z (6, - High_Temperature® + 6, — Peak_Demand(i))2

iedays
B v
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How do we find parameters?

How do we find the parameters 64, 8, that minimize the function
E(8) = E(0,,6;) = 2 (6, - High_Temperature® + 6, — Peak_Demand(i))2
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Gradient descent

How do we find the parameters 64, 8, that minimize:

E(Q) — E(01’ 02) — 2 (91 . x(i) + HZ — y(l))z

iedays




Gradient descent

How do we find the parameters 64, 8, that minimize:
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Gradient descent

To find a good value of 8, we can repeatedly take steps in the direction of the
negative derivatives for each value

Repeat: ]
d
0, =0, —«a 06, E(6,,0,) |
)
92 = 92 — @E(Ql, 02)

where a I1s some small positive number called the step size

This is the gradient decent algorithm, the workhorse of modern machine learning
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Computing gradients (partial derivatives)

How do we find the parameters 64, 8, that minimize the function

E(8) = E(0,,6;) = z (6, - High_Temperature® + 6, — Peak_Demand(i))2

iedays

. N 2
= Ziedays(el x4 0, — y(l))

General idea: suppose we want to minimize some function £(8)

Derivative is slope of the function, so negative derivative points “downhill”
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\‘ Calculus worksheet

A f() 5% + 50 g= 2% T
—2B. f(x) = (3 —5x)* Z—£= g (345%}65}
—3C f(x,z) =2x+3z+ 5x%z fg—£= O+3 + 3%

—D. f(x,z) = 2x + 3z + 5x?z g—£= ;L'\- 0 + 1Dx 2



Y A
o (x(l),y(l))

Computing the derivatives

(2) 4,(2)
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Computing the derivatives

What are the derivatives of the error function with respect to each parameter 8; and 6,7
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Gradient descent

To find a good value of 8, we can repeatedly take steps in the direction of the

negative derivatives for each value v E

Repeat: —_

d
= —a|—E(64,0
01 01 “ael (61,07)

d
92 — 92 — a_HaE(Hl’ Hz)ﬁ

where a I1s some small positive number called the step size

O = 9 - Vgi(m

This is the gradient decent algorithm, the workhorse of modern machine learning
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Finding the best 6

To find a good value of 8, we can repeatedly take steps in the direction of the
negative derivatives for each value

Repeat: \L
F—*

=0, —« 2 2(31 x4 6, — y(i)) -y (D)

S

z 2(01 ‘ x(i) + 92 - y(l))

edays

where a Is some small positive number called the step size

This is the gradient decent algorithm, the workhorse of modern machine learning
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Gradient descent
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Gradient descent
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Peak Demand (GW

Gradient descent — lteration 1
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Peak Demand (GW

Gradient descent — lteration 2
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Gradient descent — lteration 3
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Gradient descent — lteration 4
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Gradient descent — Iteration 5
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Gradient descent — Iteration 10
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Fitted line in “original” coordinates

3.0094 X  Observed days
| m—Squared loss fit
— 2.75 1
Z
— 2.50 -
=
5
£ 2.25 -
o
-]
% 2.00
o
1.75 1 X
% X
1.50
1 | 1 1
50 60 70 80 90 100

High Temperature (F)

Important note: requires that we also rescale 8 when un-normalizing



Gradient descent

How do we find the parameters 64, 8, that minimize:

E(Q) — E(01’ 02) — 2 (91 . x(i) + HZ — y(l))z

iedays
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Extensions

What if we want to add additional features, e.g. day of week, instead of just
temperature?

What if we want to use a different loss function instead of squared error (i.e.,
absolute error)?

What if we want to use a non-linear prediction instead of a linear one?

We can easily reason about all these things by adopting some additional notation...

37



Machine learning notation

Outline
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Machine learning

Gradient descent to find the parameters to minimize MSE for a linear model is an
example of a machine learning algorithm

Basic idea: in many domains, it is difficult to hand-build a predictive model, but
easy to collect lots of data; machine learning provides a way to automatically infer
the predictive model from data

39



Machine learning

The basic process (supervised learning):

Training. data Hypothesis function
T (xWy @) (including any

(x@7®) parameter settings)

AN y = hg(x)
| Predicted
New input Hypothesis function Output

x (new) hg (x ("ew)) gtmew

40



Terminology

Input features: xV e R*,i=1,..,m

Q

| ‘High_Temperature®]: |9
E.g:xW = Is_ Weekday® | |&
1 116,

Outputs: yW eY,i=1,..,m
E.g.: y®¥ € R = Peak Demand®

Model parameters: 8 € R™

Hypothesis function: hg: R" - U, prediotsgutput given input

Eg hg(.X') — 29] " Xj
j=1

41



Terminology

Loss function: £: Y X Y — R, , measures the difference between a prediction and

an actual output
E.g: 20, y) =@ —y)°

The canonical machine learning optimization problem:
m
— minimi (D) @
— minimize Z'B(hg(x ),y )
A i=1

2 — arg gt/\
Virtually every machine learning algorithm has this form, just specify
« What is the hypothesis function?
« What is the loss function?
« How do we solve the optimization problem?

42



Example machine learning algorithms

Note: we (machine learning researchers) have not been consistent in naming
conventions, many machine learning algorithms actually only specify some of these
three elements

___90

Least squares: {linear hypothesis, squared loss, (usually) analytical
solution} - ’

Linear regression: {linear hypothesis,_*,*}
Support vector machine: {linear or kernel hypothesis, hinge loss, *}

Neural network: {Composed non-linear function, *, (usually) gradient
descent)

Decision tree: {Hierarchical axis-aligned halfplanes, *, greedy optimization}

Naive Bayes: {Linear hypothesis, joint probability under certain
iIndependence assumptions, analytical solution}

43



Linear regression revisited

Outline
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Least squares revisited

Using our new terminology, plus matrix notion, let’s revisit how to solve linear

regression with a squared error |oss J{ P Jecvday )
Setup: \ \y J
» Linear hypothesis function: hg(x) = Xj-1 0; - x; 0, x g %z ° 93'5(3
— -

« Squared error loss: £(9,y) = (5 — y)?

* Resulting machine learning optimization problem:
2

mlnlmlze Z Z 0; - x —y ] = mini@mize E(6)

( ~

45



Derivative of the least squares objective

Compute the partial derivative with respect to an arbitrary model parameter 6;

OE(0) @ i
36, 00,

46



Gradient descent algorithm

1. Initialize 6, =0, k=1, ...,n

2. Repeat:
* Fork=1,..,n r

f n
—_— Hk = Hk — az 2 Z 8] . xj(l) _ y(l) x]({l)
. — -

=1
(

Note: do not actually implement it like this, you'll want to use the matrix/vector
notation we will over soon
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Outline

Matrix/vector notation and analytic solutions

48



The gradient

It is typically more convenient to work with a vector of all partial derivatives, called
the gradient

For a function f: R™ —» R, the gradient is a vector

0f ()]
90,

of (6)
. 00, |

Vof(0) = € R"




Gradient In vector notation

We can actually simplify the gradient computation (both notationally and
computationally) substantially using matrix/vector notation

IE(O) | .~
50, 722,

|
— =1

n
> ;10— y© |

=1 _
m

= VgEG) =2 fﬁ) (x(i)TQ — y(i))
1

=

Putting things in this form also make it more clear how to analytically find the
optimal solution for last squares
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. . (2)
Matrix notation, one level deeper®f— 1™

Let’s define the matrices f (
\ oy (=
v [-x@" -
i |
9( Y
6 NS
f= V@% 5 @

Ler\ J 1
Euclidean (L2) norm: ||z|l, = (T; z7)?

(‘) ‘ /1 I

51




o \ -
. : (?) :
Matrix notation, one level deeper®f—i1 1
W\ )
Let’s define the matrices ¥, ¥s
\ [=x@T 4, b %
v =@ - - =
= h
L em
16,
0= 102
LOn

1
Euclidean (L2) norm: ||zl = (T, z2)? I1zIl5 = X, z7
52




Gradient in linear algebra notation y=x

We can actually simplify the gradient computation (both notationally and
computationally) substantially using matrix/vector notation

X/E(H): ‘{';1( 162D — y(o) VoE(8) = 23, x® (x(l)TH_y(a)l

E(0) = I|x6 - yli3 7oE(8) = 2XT (X0 - y)

Putting things in this form also make it more clear how to analytically find the
optimal solution for last squares
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Solving least squares X\ =4

A

Gradient also gives a condition for optimality: 1(6)
« Gradient must equal zero

Solving for Vg E(68) = 0:

2XT (X0 — )— 0 ral— -
2XX0 - y = ,
ZXTXB QXTY T —

(XY xTxe = (X% X y 0, )
These are known as the normal equatlons an extreme‘@ convenient Closed form
solution for least squares
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Solving least squares

A

Gradient also gives a condition for optimality: 1(6)
« Gradient must equal zero

Solving for Vo E(6) = 0:

m
zzx@ x(ng ym) 0

= m
N (Z x(ox(z)T) g — z x@Dy® = o
=1 =1

-1

m m
= 9 = (Z x(i)xa)T) (2 MONO

=1 =1

|
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Example: electricity demand

Returning to our electricity demand example:

£ =

—

High_Temperature(i)]

)
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) f
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Example: electricity demand

Returning to our electricity demand example:
High_Temperature® 0.047
Is Weekday® |, 0 =& X)Xy = [ 0.225 ]
1 —1.803

£ =

3.0 A
—— \Weekday prediction
284 —— Weekend prediction %
X Weekdays
261 X Weekends
=
e
> 2.4 A
c
©
GE) 2.2
o g 2 X
('¥U 2 0 N b & . :
g G 7 .{ X
07 % 1.3
1 8 T X xg % x .
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Implementing linear regression

Outline
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Manual implementation of linear regression

Create data matrices:

X = np.array([df["Temp"],
% df summer["Load"] .values

# initialize X matrix and y vector
df ["IsWeekday"], np.ones(len(df))]).T

Compute solution:

# solve least squares

print (theta)

theta = np.linalg.solve(X.T @ X, X.T @ y)

# [ 0.04747948 0.22462824 -1.80260016]

Make predictions:

# predict on new data
Xnew = np.array([[77, 1, 11,
ypred = Xnew @ theta

print (ypred)
# [ 2.07794778 1.99575797]
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Scikit-learn

By far the most popular machine learning library in Python is the scikit-learn library
(http://scikit-learn.org/)

Reasonable (usually) implementation of many different learning algorithms, usually
fast enough for small/medium problems

Important: you need to understand the very basics of how these algorithms work in
order to use them effectively

Sadly, a lot of data science in practice seems to be driven by the default
parameters for scikit-learn classifiers...

60


http://scikit-learn.org/

Linear regression In scikit-learn

Fit a model and predict on new data

from sklearn.linear model import LinearRegression

# don't include constant term in X

X = np.array([df summer["Temp"], df summer["IsWeekday"]]).T
model = LinearRegression (fit intercept=True, normalize=False)
model . fit (X, vy)

# predict on new data

Xnew = np.array([[77, 11, [80, 0]1)
model .predict (Xnew)

# [ 2.07794778 1.99575797]

Inspect internal model coefficients

print (model.coef , model.intercept )
# [ 0.04747948 0.22462824] -1.80260016

61



Scikit-learn-like model, manually

We can easily implement a class that contains a scikit-learn-like interface

class MyLinearRegression:
def 1init (self, fit intercept=True):
self.fit intercept = fit intercept

def fit(self, X, y):
if self.fit intercept:
X = np.hstack ([X, np.ones ((X.shapel[0],1))1])

self.coef = np.linalg.solve(X.T @ X, X.T Q vy)

if self.fit intercept:
self.intercept = self.coef [-1]
self.coef = self.coef [:-1]

def predict(self, X):
pred = X @ self.coef
if self.fit intercept:
pred += self.intercept
return pred




